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Expressions are given for analytical extraction of parameters for polynomial 
and single relaxation experiments, and an indication is given of the application 
of the technique to multiple relaxation experiments. Examples are given for the 
cases of single and double relaxations. Hypothetical reference is made to time 
domain reflectometry. 
1. INTRODUCTION 
The idea of solving simultaneous equation in order to extract experimental 
parameters is rarely practiced in cases of the polynomial expressions or the 
relaxation spectrum. Whereas if we consider such statements as “Three points 
uniquely determine the circle,” we could imagine that we are solving the simul- 
taneous equations although graphically. I f  we extend this to the above cases, we 
easily come up with the analytical parameter extraction as a logical alternative 
to the commonly used graphical parameter extraction. 
In Section 2, we discuss the polynomial case. While this might seem trivial, 
it introduced the basic concept. 
In Section 3, we first discuss the single relaxation case. Reference is made to 
time domain reflectometry measurement techniques. The effect of static conduc- 
tivity is mentioned. Then the multiple relaxation case is briefly treated, and 
examples of single and double relaxation are given. 
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2. POLYNOMIALS 
Frequently we must determine the parameters a,, a, , a2 ,..., in the expres- 
sions 
-v = a, + a,x + u,x2 + ... + u,XT’ (1) 
y=u,+~+z&+ ... +5& (2) 
[2] from experimental data. The most common way to do this is by the least 
squares technique [3]. An alternative way is an analytical extraction procedure 
to be described. Taking total differentials of Eqs. (1) and (2) gives, respectively, 
dy-(~lkukx~-‘)dX=du,+xdul+...+x~~du,, (3) 
and 
If the data (X,, & dXg., ya & dy&) are given for either case, they should satisfy 
the corresponding equations. Since in either case, n + 1 parameters with error 
tolerances are involved, we should need n + 1 such independent data with 
error tolerances. Suppose we obtained such data (X1 -I: dXl , y1 & dyl), 
(X2 & d,k, , y2 & dJT2) ... (X,,, 5 dX,~+, , -vnil & (<vn+r) for either case, we 
can immediately formulate the following: 
and 
Xa=y, 
xda = z, 
(5) 
(6) 
where, for the first case, x is an tz + 1 by tz + 1 matrix with elements -X,,,,? == 
-lyL-l and a, y, da and z are column vectors with elements u,,~_, , ym , du,,_l and 
dym - (X;z, ka,Xf?) dX, , respectively, and where, for the second case, x is 
an 1z + 1 by n + 1 matrix with elements X,,,, = Xz” and a, y, da and z are 
column vectors with elements a,-, , y,,l, du,,l-l and dy,, + (xb, a,/XL+l) Xv, . 
First, using the data obtained Eq. (5) can be solved for a. Then, using the data 
and the solution to Eq. (5), Eq. (6) can be solved easily for da. 
Actual application of the technique depends mainly on the available computa- 
tion capacity. Ideally if one tries to prove an n parameter characteristic he should 
made m(m > n) measurements, solve for m parameters and make sure that 
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m - n of the resultant parameters are within their own error tolerances. If  the 
capacity of computation is limited, a compromise may be found [4], in which a 
similar error analysis is not possible. 
3. RELAXATION 
The expressions 
and 
describe the simplest type of relaxation phenomena appearing in many branches 
of physics’ and determination of such parameters are of interest. 
Let us suppose we have acquired the data (ma f  dw, , E: & de:), (w,, -J= dw, , 
C; f  de;) and (wC & du, * de:) by measurement. First, this means that the 
following simultaneous equations are obtained: 
(9) 
Solving Eqs. (9), (IO), and (1 I), the parameters are given by Eqs. (12), (13), and 
(14). 
1!2 
T =  c E;(wb2 - oJc2) + &J,’ - cd,‘) + +,2 -Wb2) E;wa2(wb2 - ) w,“) + E;WbyWc2 - Wa2) $- +Jc2(wa2 -w,‘) ’ (12) 
E, = 
E;E;(Wb2 - wa2) + E;&JC2 - wg2) + &&o,* - uJc2) 
(J”I, 2 - w,“) + c;(Wc2 - ma”) + gwa2 - w,“) ’ 
(13) 
x (E,oJ,2(W,‘Z - oJ,2) + E*Wb2(Wr2 - co,*) + E,Wc2(Wa2 - Wb2)} 
(14) 
1 The symbols typically refer to the real and imaginary electrical permittivity (E* = 
E’ - k”), although the same equations appear in other areas. 
DETERMINATION OF MULTIPLE NUMBERS 273 
By taking the absolute differentials of these three equations, the error sensitivities 
can be calculated easily [see Eqs. (AI)-(A3)]. 
In the same manner the following should be obtained if we acquire the data 
(wci i dw d , <I; f  de;), (wc & dt+ , F; & dc:): 
Often (T = WE” if of more interst, and so we define 
AC = TACT, (17) 
n Ud == W&d ) (18) 
and 
n 
( I , .  = W,E,. .  (19) 
Solving Eqs. (15) through (19), the parameters will be determined as follows: 
(21) 
Again the error sensitivities are given by the absolute differentials [see Eqs. 
644Hw1~ 
The seemingly easy-to-understand analvtical extraction that has been success- 
fully applied in the frequency domain proves to be almost hopeless in the time 
domain. The reason is rather obvious if we compare polynomial functions and 
exponential functions. One simple example will suffice to prove the failure. 
Single retardation with no static conductivity responding to the applied step 
input, is given by the following: 
E = E, + Ac( I - e-*!,). (‘3) 
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Since only three parameters are involved it should suffice to supply three data 
points. Let us suppose they are (t, , EJ, (fb , Q), and (t, , cc). Then the following 
expressions will result: 
and 
E n = cc + de(1 - e+), 
B* = E, + dC(l - CfbiT), (24) 
E, = E, + fk(l - e++). 
Eliminating E, and rle in Eq. (24), the following results: 
(El, - c,) c-‘“I’ + (CC - c,) edJT -+ (Ea - Q) e-‘“‘7 = 0. (25) 
Incidentally, the same equation will be obtained for the withdrawal of a step 
input. Equation (25) cannot be solved for 7 analytically. Similarly complicated 
transcendental equations will occur for E, and AC. Although they can be solved 
numerically by a computer, this is not within the interst of the present study. 
Another approach is the following: l (t)J,=, , d~(t)/dtj,=, and ~P~(t)/dt~1~=s are 
calculated from Eq. (23) as follows: 
w l lf=,,=G3, __ AC dt f-0 = T 
and (26) 
Eq. (26) can be easily solved as follows: 
dc,dt it=” 
T = - d% dt2 ItzO ’ 
I E, = 6 ‘f+l 
and (27) 
The above can conceptually be extended to general retardation cases. For n 
multiplicity, the equation corresponding to Eq. (23) will be as follows: 
e = E, + At-,( 1 - c.-‘,~‘) + &( 1 -- e-t!r?) + . . . + &,( [ _ e-t/+“) 
(28) 
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includes 2n + 1 nonredundant pieces of 
de d’l’c - 0% ; 42 -+ AC 
rt t=o = - dt’l’ t=O 71 r2 
. . . + 2 
7, 
+$f+-I$?), 
72 
(2% 
The procedure to solve Eq. (29) is this: first, E, is already known at a glance, 
then the first n of the remaining equations can be solved for d~~‘s. 
All AQ’S thus solved then should be substituted into the rest of equations in 
in Eq. (29). Then these n simultaneous equations are solved for the n T’S, which 
are substituted back into the expression just derived to calculate the numerical 
values of AQ’s. Simultaneous equations for calculation of T’S must be solved by 
tedious iterative elimination, but the degree need not be very high for realistic 
purposes. 
The above method is at least conceptually feasible. Single retardation can be 
studied by using an X-Y plotter with cascaded differentiators as output devices 
of time domain reflectometry apparatus (see Fig. 1). For the systems of higher 
multiplicity, however, feasibility is not predictable, especially with respect to 
accuracy. 
cl-- & &h) 
FIG. 1. Block diagram of cascaded differentiator. 
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Although Eq. (23) is the expression usually assumed for a single relaxation 
[5, 61, Eq. (30) is more accurate because it accounts for finite conductivity. 
E = E, + Ar(l - e-‘17) + uot. (30) 
The only difference is the term u,,t. The dispersion of conductivity is expressed 
bY 
W’T*AU 
u = Oo + 1 + w2T2 (31) 
using 
l lf = a = 0 + AUTWT 
w w 1 + WV 
-go ACOJT I w I + W2T2 .
(32) 
We usually ignore this a0 for further discussion. The inverse Laplace transform of 
E* = E, + AC Aawr 
1 + w%‘L -q+-t 1 +w272 1 
AC uo 
Eio+l +jw7fG 
(33) 
will give Eq. (30), the system’s step response. In viscoelastic compliance expres- 
sions, a similar term exists. Also there are many cases tending toward a straight- 
line asymptote which is not necessarily horizontal. It has been reported that 
the time domain reflectometry examples almost always saturate to zero, and 
not to a general value of E, , when the step input is withdrawn [6]. This subse- 
subsequently compelled the observer to devise a method to measure an impulse 
response instead of a step response. This will be easily seen by the single 
retardation equation for withdrawal of a step input, expressed similarly to 
Eq. (30) by 
E = 6, - A<(1 - ,-tjs) - oat. (34) 
In Fig. 2, a result of such a calculation is shown, where the data-point error 
bars indicate the measurement tolerance of frequency and permittivity. The 
resulting error tolerances for co, E, , and - In T are indicated on the appropriate 
axes. The sample is horse haemaglobin crystals. 
Although even the case of a single relaxation seems to be complicated, the 
solution is available for arbitrary multiplicity [7]. However, it involves an 
extremely ill-conditioned matrix and calculation by a computer has so far been 
unsuccessful for multiplicity of more than 2. The need for analytical parameter 
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FIG. 2. Example of single relexation. 
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FIG. 3. Example of double relexation. 
extraction is demonstrated [8]. \?v e will be most fortunate if we can obtain 
suggestions and cooperation from specialists on numerical algorithms on how 
to counter the difficulties involved in such ill-conditioned matrix. Diagnostic 
criteria for redundancy and other problems have already been described [9]. 
In Fig. 3, an example of double relaxation is shown. Because of the aforemen- 
tioned difficulties, error analysis by a computer was not successful and thus only 
the parameter extraction is shown. The sample is similar to that of Fig. 2. The 
multiplicity here is only hypothetical, until diagnostic criteria are successfully 
applied. 
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